Abstract-Accurate indoor localization has long been a challenging problem due to the presence of multipath. Joint directionof-arrival (DOA) and time delay (TD) estimation is a promising technique for accurate indoor Localization in next generation WiFi and 5G, as it has the capability of separating the lineof-sight (LOS) signal from multipath signals in the TD space. Although the benefit of joint DOA and TD estimation over DOA-only estimation has been empirically shown long ago, it has not been theoretically justified yet. In this paper, we provide a theoretical proof of the benefit of joint DOA and TD estimation over DOA-only estimation. Further, experimental results with simulated WiFi setting have been provided to demonstrate the theoretical finding. Matlab code is available at https://github.com/FWen/JADE.git.
I. INTRODUCTION
WiFi and mobile communication networks based localization has a promising prospect due to their wide coverage both indoors and outdoors and good universality for various user terminals. Accurate localization in harsh indoor environments is expected to be achieved in next generation WiFi and 5G networks [1] - [4] . In next generation WiFi and 5G, two favorable opportunities arise for achieving high-accuracy indoor localization. First, WiFi access points and 5G base stations are incorporating ever-increasing numbers of antennas to bolster capacity and coverage with MIMO techniques. Second, the used signals have wider bandwidth (e.g., towards one hundred MHz or even more). More antennas facilitate accurate direction-of-arrival (DOA) estimation. Meanwhile, wider bandwidth facilitates accurate time delay (TD) estimation and, more importantly, facilitates reliable separation of the line-of-sight (LOS) signal from multipath signals. Besides, dense deployment of access points or base stations is a tendency in next generation WiFi and 5G networks, which facilitates the application of multiple station fusion based localization techniques [5] , [21] . In this context, joint azimuth, elevation angles and TD estimation becomes a key technique for high-accuracy 3-dimensional (3D) indoor localization in next generation WiFi and 5G networks [2] - [4] .
In the past two decades, a number of methods for joint DOA and TD estimation have been proposed [6] - [20] . Compared with traditional DOA-only estimation methods (e.g., [21] - [23] ), joint DOA and TD estimation methods have shown significant superiority, since such methods fully exploit the spatial diversity as well as temporal diversity in estimating the multipath channel. This advantage of joint DOA and TD estimation has been demonstrated in numerous simulation results. However, it has not been theoretically justified yet.
The goal of this paper is to give a theoretical justification on the benifit of joint DOA and TD estimation over DOA-only estimation. First, the CRB for joint DOA and TD estimation has been provided in closed-form, based on which we further provide analysis to show the advantage of joint DOA and TD estimation over DOA-only estimation. Although such advantage has been empirically shown long ago, our analysis is the first theoretical proof of it.
II. SIGNAL MODEL
Consider an M sensor array receiving L reflections of a farfield signal s(t) with TDs τ 1 , · · · , τ L , incident DOA angles θ 1 , · · · , θ L . The complex snapshot of the m-th sensor at time t n can be modeled as
for n = 1, · · · , N , where β l is a complex coefficient representing the attenuation factor (phase shift and amplitude attenuation) of the l-th reflection. The complex channel fadings are assumed to be constant within a data burst such that β l , l ∈ {1, · · · , L}, is not dependent on t. The complex signal s(t) is known. w m (t n ) is zero-mean white Gaussian noise which is independent to the source signal. Let
T , the array outputs can be expressed as
In the frequency-domain, the signal of the m-th sensor at the k-th frequency bin (or subcarrier), 0 ≤ k ≤ K, can be modeled as
where K is the number of the effective frequency bins (or subcarriers) of the signal, X m (ω k ), S(ω k ) and W m (ω k ) are respectively the discrete Fourier transform (DFT) of x m (t n ), s(t n ) and w m (t n ). In a vector form, the array outputs in the frequency-domain can be expressed as
where
III. APPROXIMATE MAXIMUM LIKELIHOOD ALGORITHM
Assume the noise spectrum vector w(k) is zero-mean circularly complex Gaussian distributed with variance σ 2 in each element, i.e., E{w(k)w
T which contains all the unknown parameters in the model. Then, the likelihood function of Ω can be expressed as
2 and the ML estimator for Ω is given bŷ
As the dependency of the log-likelihood function with respect to θ, τ and β is through g(k) 2 , and g(k) 2 is independent of σ 2 , the concentrated ML estimator for θ, τ and β is given by
Next, we introduce the AML algorithm [6] , which approximately solves the ML formulation. Define
First, the AML algorithm derives an estimator for θ, and β conditioned on τ . Specifically, given an estimation of τ , denoted byτ , the minimization problem (5) can be rewritten as
Instead of minimizing (8) directly with respect to θ and β, we minimize it first with respect to the unstructured matrix B, for which the explicit solution is given bŷ
. (9) Letb l denote the l-th column ofB, i.e.,B = [
From (7), only the l-th column of B is dependent on θ l , and β l . Thus, given an estimationB, we can estimate θ l and β l via the following formulation
for l = 1, · · · , L. The solution to (10) is given bŷ
Next, we estimate τ and β conditioned on θ. Specifically, given an estimation of θ, denoted byθ, the minimization problem (5) can be rewritten as
In a similar manner to (10), we do not minimize (15) directly with respect to τ and β rather than minimize it first with respect to the unstructured vectors u(k, τ ) for k = 1, · · · , K, which yields the following explicit solution
DefineV
From (6), the dependency of u(k, τ ) with respect to τ l and β l is only through the l-th element of u(k, τ ). Thus, given an estimation
, we can estimate τ l and β l via the following formulation
The solution to (15) is given bŷ
The AML algorithm alternatively update the steps, first the TDs via (14) and (16) , then the DOAs via (9) and (11) . This algorithm can achieve satisfactory performance within only a few iterations.
IV. CRB AND ANALYSIS
This section provides CRB and analysis on the advantage of joint DOA and TD estimation over DOA-only estimation. The proof will be presented in a later work [24] .
A. Cramer-Rao Bound 1) CRB for joint DOA and TD estimation: Denote
The CRB formulae for the DOA and TD are given as follows.
The L × L deterministic CRB matrix for the DOAs is given by
and the L × L deterministic CRB matrix for the TDs is given by
2) CRB for DOA-only estimation: Rewrite the model (4) as
T . Then, treating c(k) as the unknown source signals, we can estimate the DOA using a traditional DOA-only estimator without the consideration of the TD. In this case, the deterministic CRB for DOA-only estimation is given by [25] 
B. Analysis
Intuitively, since joint DOA and TD estimation simultaneously exploits the DOA and TD structure of the multipath channels, the corresponding CRB (18) should be lower than or at least equal to the CRB (21) for DOA-only estimation. This is theoretically verified by the following results.
Theorem 2: The DOA-related block of CRB for joint DOA and TD estimation is bounded by the associated CRB for DOA-only estimation
Further, if all the multipath signals have the same TD, i.e., τ 1 = · · · = τ L , or in the particular case of a single path, i.e., L = 1, the equality in (22) is true.
Theorem 3: If all the multipath signals have the same TD, i.e., τ 1 = · · · = τ L , then, the DOA-related block of CRB for joint DOA and TD estimation is equivalent to that for DOAonly estimation as
Theorem 4: In the case of a single path, we have
The results indicates that, when all the incident signals have the same TD or there exists only a single path L = 1, CRB J θθ is independent on the TD and CRB
holds. Moreover, when L = 1, the CRB (23) for TD is independent on the DOA, and it is dependent on the signal bandwidth, sensor number, and signal power, which accords well with the well-established results for TD estimation [26] - [28] . The benefit of joint estimation mainly happens when there exist multiple reflections, i.e., L > 1, and the TDs of the multiple reflections are well separated. In practical indoor localizationscenarios, since it is often the case that L > 1 and the line-of-sight (LOS) signal has a smaller value than that of the multipath signals, the LOS signal can be separated from the multipath signals in the TD space by joint DOA and TD estimation if the signal bandwidth is wide enough. In this sense, joint DOA and TD estimation can effectively suppress the effect of multipath on localization accuracy.
V. SIMULATION RESULTS
In this section, we evaluate the performance of the proposed AML algorithm and demonstrate the theoretical results via simulations. We consider a typical WiFi setting according to 802.11n, which operates in 5.32 GHz and uses 40 MHz bandwidth with 128 subcarriers and the subcarrier frequency spacing is 312.5 KHz. In practical 802.11n WiFi system, only 114 subcarriers are used for 40 MHz bandwidth. A uniform circular array (UCA) of 16 omni-directional sensors with radius r = 1.5λ is considered. The CSI at the subcarriers are generated as (4) . Mutually independent zero-mean white Gaussian noise is added to control the signal-to-noise ratio (SNR). Each provided result is an average over 500 independent runs.
Two paths with attenuation factors β 1 = e jϕ1 and β 2 = 0.9e jϕ2 , where the phase ϕ 1 and ϕ 2 are randomly selected from [0, 2π]. The DOAs of the two paths are θ 1 = 30
• , θ 2 = 40
• , and the time delays of the two paths are τ 1 = 50 ns and τ 2 = 100 ns, respectively. Fig. 1 shows the root mean square error (RMSE) of DOA and TD estimation for varying SNR. The AML algorithm gives significantly better performance than the DOA-only ML algorithm [29] . It indicates that joint estimation has the potential to significantly improve the DOA estimation accuracy compared with DOAonly estimation. Moreover, for the AML algorithm, only two iterations are enough for it to achieve satisfactory performance. Fig. 2 presents the RMSE of DOA and TD estimation for varying DOA separation ∆θ between the two paths. The DOAs of the two paths are θ 1 = 30
• , θ 2 = θ 1 + ∆θ, and the time delays of the two paths are τ 1 = 50 ns and τ 2 = 80 ns, respectively. ∆θ is varied from 5
• to 30
• . The SNR is 15 dB. The advantage of joint estimation over DOA-only estimation is especially conspicuous for small angular separation. When the multipaths are well separated in DOA, joint estimation and DOA-only estimation tend to give comparable performance. Fig. 3 shows the RMSE of DOA and TD estimation for varying TD separation ∆τ between the two paths. The DOAs of the two paths are θ 1 = 30
• , and the time delays of the two paths are τ 1 = 50 ns, τ 2 = τ 1 + ∆τ ns, respectively. ∆τ is varied from 5 ns to 50 ns. The SNR is 15 dB. It can be seen that, the difference between the CRBs of joint estimation and DOA-only estimation decreases as the TD separation decreases. The advantage of joint estimation over DOA-only estimation is prominent for relatively large TD separation.
VI. CONCLUSION
This addressed the joint DOA and TD estimation problem, which can be used for indoor localization in next generalization WiFi and 5G networks. We analytically proved the advantage of joint DOA and TD estimation over DOA-only estimation, which is the first theoretical proof of such advantage in the literature studying joint DOA and TD estimation. The results indicate that, the benefit due to joint estimation over DOA-only estimation arises when there exist multiple reflections and the time delays of the multiple reflections are well separated.
